Abstract. In this paper we investigate the relation between the finite generation of the Cox ring R(X) of a smooth projective surface X and its anticanonical Iitaka dimension κ(−K X ).
Introduction
This paper discusses the problem of deciding which smooth projective surfaces over the complex numbers have finitely generated Cox ring. More precisely, if the Picard group Pic(X) of such a surface X is finitely generated, or equivalently q(X) = 0, then the Cox ring of X is:
The Cox ring of a surface X is known to be a polynomial ring if and only if X is toric [6, 12] . In [20, Cor. 5 .1] Totaro proved that the Cox ring of a klt CalabiYau pair of dimension two over C is finitely generated if and only its effective cone is rational polyhedral. The surfaces in this class, in particular, have numerically effective anticanonical divisor. In the recent paper [21] by Testa, Várilly-Alvarado and Velasco, the authors prove that if X is a smooth rational surface with −K X big, i.e. such that dim ϕ |−nK X | (X) = 2 for n big enough, then R(X) admits a finite number of generators. These results motivate the research for a relation between the anticanonical Iitaka dimension of X (see [15, Def. 2 
.1.3]):
κ(−K X ) := max{dim ϕ |−nK X | (X) : n ∈ N}, whose values can be 2, 1, 0 and −∞, and the finite generation of R(X). Our first result is the following.
This allows to prove that R(X) is finitely generated for smooth rational surfaces with κ(−K X ) = 1 such that the moving part of a multiple of −K X is a rational fibration (Theorem 4.4). In particular, in this case −K X is not nef. As a consequence, we obtain that the effective cone of such surfaces is rational polyhedral. This was previously known only for κ(−K X ) = 2, see [16, Prop. 3.3] .
In case −K X is nef we prove the following result, which relies on Nikulin's description of surfaces with rational polyhedral effective cone [17, Ex. 1.4.1].
Theorem. Let X be a smooth projective surface with q(X) = 0 and −K X nef. Then R(X) is finitely generated if and only if one of the following holds:
(i) X is the minimal resolution of singularities of a Del Pezzo surface with Du Val singularities; (ii) ϕ |−mK X | is an elliptic fibration for some m > 0 and the Mordell-Weil group of the Jacobian fibration of ϕ |−mK X | is finite. (iii) X is either a K3-surface or an Enriques surface with finite automorphism group Aut(X).
Surfaces of type (i) are classically known by [16] , surfaces in (ii) can be classified by means of [8, 9] (for m = 1) and Ogg-Shafarevich theory [13, 19] , while surfaces of type (iii) have been classified in a series of papers by Nikulin and Kondō (see [17, Ex. 1.4.1] for precise references).
The paper is structured as follows. In Section 1 we introduce four cones in Pic(X) R := Pic(X) ⊗ R: the effective cone, the closed light cone, the nef cone and the semiample cone. Section 2 deals with the structure of the effective cone of rational surfaces with κ(−K X ) ≥ 0. Our main result here is the following.
Theorem. Let X be a smooth rational surface with κ(−K X ) ≥ 0 and ρ(X) ≥ 3, then Eff(X) = E(X), where E(X) is the cone generated by classes of integral curves of X with negative self-intersection.
In Section 3 we prove that on a smooth rational surface X with κ(−K X ) = 1 every nef divisor is semiample. The problem of finite generation of the Cox ring of such surfaces is considered in Section 4. Section 5 is devoted to the problem of finite generation of R(X) under the hypothesis −K X nef. Finally, Section 6 shows an example of non-rational surface X with ρ(X) = 2 and rational polyhedral effective cone whose Cox ring does not admit a finite set of generators.
Basic setup
In what follows X will denote a smooth projective surface defined over the complex numbers. Given a divisor D of X we will adopt the short notation H i (D) for the cohomology group H i (X, O X (D)) and we will denote its dimension by h i (D). Also, we will denote by ∼ the linear equivalence between divisors, by [D] the class of D in Pic(X) and by |D| the complete linear series associated to D. We recall that the effective cone of an algebraic surface X is defined as:
The closed light cone of X is the cone of classes with non-negative self-intersection:
We define L a (X) to be the half-cone of L(X) which contains an ample class. We start proving the following (see also [17, §1] ). Proposition 1.1. Let X be a smooth projective surface such that ρ(X) ≥ 3 and Eff(X) is polyhedral. Then
where Exc(X) is the set of classes of integral curves E of X with E 2 < 0.
Proof. This is a consequence of the following observation: by Riemann-Roch theorem the interior of L a (X) is contained in Eff(X). Since the effective cone is polyhedral, then it is closed, so that L a (X) ⊂ Eff(X). Since ρ = ρ(X) ≥ 3, then ∂L a (X) is circular because the intersection form is hyperbolic with signature (1, ρ − 1) by Hodge index theorem. Thus an element of ∂L a (X) can not be an extremal ray of Eff(X), since otherwise Eff(X) would not be polyhedral in a neighbourhood of that ray, giving a contradiction.
Another important cone associated to X is the cone of numerically effective divisors, or simply the nef cone:
This cone is the dual of the effective cone with respect to the intersection form on the surface X. Finally, we define the semiample cone SAmple(X) to be the cone spanned by the classes of semiample divisors, where D is semiample if |nD| is base point free for some n > 0 (see [15, SAmple(X) ⊂ Nef(X) ⊂ Eff(X).
Proof. The second inclusion is due to the fact that the nef cone is the closure of the ample cone [15, Thm. 1.4.23] . For the first inclusion observe that, if D is semiample, then ϕ |nD| : X → P r is a morphism for n big enough. Thus, if E is an effective divisor, then nD · E = deg(ϕ * |nD| O P r (1) |E ) ≥ 0, so that D is nef. The following will be useful in the next sections. Proposition 1.3. Let X be a smooth projective surface with q(X) = 0 and let M be an effective divisor of X such that |M | does not contain fixed components and
Proof. The linear series |M | is base point free, since otherwise two of its distinct elements would intersect at the base points giving M 2 > 0, which is a contradiction. Let ϕ |M | : X → B ⊂ P n be the morphism defined by |M |. From 0 = q(X) ≥ p a (B) we deduce that B is smooth and rational. Consider the Stein factorization of ϕ |M | :
where f is a morphism with connected fibers and ν is a finite map.
On the other hand a ≥ deg(ν(P 1 )) ≥ n since the curve ν(P 1 ) is non-degenerate. Thus n = a, h 0 (D) = 2 and the map ν is the a-Veronese embedding of P 1 . Since f has connected fibers, then D is connected so that, by Bertini's second theorem [14] , the general element of |D| is smooth.
The structure of the effective cone
Let X be a projective surface with q(X) = 0 and κ(−K X ) ≥ 0. Observe that in this case, either K X is numerically trivial, or X is rational by Castelnuovo's rationality criterion [5, Thm. 3.4, VI] . We consider the problem of determining under which hypothesis the effective cone of X is rational polyhedral.
Let L a (X) be the component of the closed light cone which contains the ample cone, as in the previous section, and let E(X) be the convex cone generated by the classes of curves in X with negative self-intersection. We will adopt the following notation:
Proof. We divide the proof in three steps.
Step 1. Since X is rational and ρ(X) 
where the D i are countably many rational curves with negative self-intersection. This means that L a (X) ≤0 ⊂ E(X).
Step 2. We now prove that
If the sets are distinct then, since both are closed, there exists a class 
Then there is still a negative curve in the fixed part of |D 2 | and thus in the fixed part of |D|, giving a contradiction. Together with Step 1, this gives:
Step 3. We now prove that
Observe that for some non negative integers n, m, the multiples nD, −mK X are effective since D 2 > 0 and κ(−K X ) ≥ 0. Thus, since nD · (−mK X ) < 0, then |nD| contains at least a negative curve in its fixed locus. Let D 1 be given by all curves with negative self-intersection in the fixed locus of |nD|. Then the divisor
, so the equality is proved by Step 1.
Corollary 2.2. Let X be a smooth rational surface with κ(−K X ) ≥ 0 and ρ(X) ≥ 3, then the following are equivalent (i) Eff(X) is rational polyhedral, (ii) X contains finitely many integral curves with negative self-intersection.
Proof. The implication (i) ⇒ (ii) is given by Proposition 1.1, while the opposite arrow follows from Theorem 2.1. 
Nef(X) = SAmple(X)
In this section we prove that a nef divisor on a smooth rational surface with κ(−K X ) = 1 is semiample.
Lemma 3.1. Let X be a smooth rational surface with κ(
which gives the thesis. Assume now that −K X · D < 0 and let n be the least positive integer such that −nK X is effective. Observe that D is a fixed component of | − nK X |, −nK X − D is effective and D 2 < 0 since D is integral and has negative intersection with an effective divisor.
We claim that h 0 (K X + D) = 0. This is obvious for n = 1 and, for n > 1, it is due to the fact that
Consider now the exact sequence of sheaves:
Taking cohomology and using the fact that
The last is equal to h 0 (K X + D) by Serre's duality theorem. Now from what said before we deduce that h 1 (O D ) = 0 so that p a (D) = 0, which proves the thesis.
If L is a nef and big divisor on a smooth rational surface X with
Proof. We follow the proof of [21, Lemma 2.6]. Let ∆ be the union of all integral curves orthogonal to L. Since L 2 > 0 then, by Hodge index theorem, the restriction to ∆ of the intersection form of X is negative definite. Moreover, by Lemma 3.1, we have that any integral curve in ∆ is smooth and rational. Thus we can apply Artin's contractability criterion [2, Thm. 2.3] to ∆. So, there exists a normal projective surface Y and a birational morphism ψ : X → Y which contracts only the connected components of ∆. Hence, by [2, Cor. 2.6], L is linearly equivalent to a divisor L whose support is disjoint from ∆, and hence L is the pullback of a Cartier divisor on Y . By Nakai-Moishezon criterion L is ample, so that L is semiample. Proposition 3.3. Let X be a smooth rational surface with κ(−K X ) = 1. Then there exists r ≥ 1 such that −rK X ∼ B + aC, where B is the fixed part of the linear series | − rK X | and ϕ |C| : X → P 1 is a fibration whose general fiber is smooth and integral.
Proof. Write −rK X ∼ B+M , where F is the fixed part of |−rK X | and
We are finally ready to prove the main theorem of this section.
If L is a nef divisor on a smooth rational surface X with κ(
Proof. If L is nef and big, this is proved in Lemma 3.2. We now assume that L is not big so that L 2 = 0. Let −rK X ∼ B + aC be the decomposition given in Proposition 3.
, since otherwise L would be big, giving a contradiction. Thus M ∼ aD by Proposition 1.3, where a ∈ N and ϕ |D| :
we obtain that L ∼ bD for some b ∈ Q, thus a multiple of L is base point free.
Cox rings of surfaces with κ(−K
We consider the problem of finite generation of the Cox ring R(X) of a smooth rational surface X with κ(X) = 1. Theorem 4.1. Let X be a smooth rational surface with κ(−K X ) = 1; then the following are equivalent:
(i) the effective cone Eff(X) is rational polyhedral; (ii) the Cox ring R(X) is finitely generated; (iii) X contains finitely many (−1)-curves.
Proof. (i)⇒(ii)
: by [1, Cor. 2.6] it is enough to prove that the nef and semiample cone of X coincide and this is proved in Theorem 3.4.
(ii)⇒(iii): if C is a (−1)-curve and x ∈ H 0 (C), write x = i m i , where m i are monomials in the generators of R(X). If D i is the zero locus of m i , then C ∼ D i . Since C is integral with C 2 < 0, then D i = C so that m i = α i x, with α i ∈ C. Hence x appears in any set of generators of R(X). Since R(X) is finitely generated, this implies that there are finitely many (−1)-curves.
(iii)⇒(i): If ρ(X) ≤ 2, then X is either P 2 or a Hirzebruch surface F n , so that Eff(X) is always rational polyhedral. If ρ(X) ≥ 3, then by Theorem 2.1 it is enough to prove that the convex cone E(X) generated by classes of negative curves is rational polyhedral.
Let −rK X ∼ B + aC be the decomposition given in Proposition 3.3, and recall that h 0 (B) = 1. If D is an integral curve with D 2 < 0, then D is rational, by Lemma 3.1. Hence, if D 2 < −2, then, by the adjunction formula,
In the last case D is contracted by ϕ |C| , showing that it is a component of a fiber of this morphism. Since B contains finitely many curves, ϕ |C| has finitely many reducible fibers and X contains finitely many (−1)-curves, then X contains finitely many integral curves D with D 2 < 0, so that E(X) is rational polyhedral.
Remark 4.2. The effective cone of a smooth rational surface X with κ(−K X ) = 1 is not necessarily polyhedral like in the case κ(−K X ) = 2. Consider as an example the blow-up X of P 2 at the nine intersection points {p 1 , . . . , p 9 } = C 1 ∩ C 2 of two general plane cubics. Due to the generality assumption on the C i , there are no reducible elements in the linear series | − K X |, so that all the fibers of ϕ |−K X | : X → P 1 are integral. Hence the class −K X is an extremal ray of the effective cone. By Proposition 1.1 and the fact that K 2 X = 0, we deduce that Eff(X) is not polyhedral.
Lemma 4.3. Let X be a smooth rational surface and let D be a divisor such that ϕ |D| : X → P 1 is a fibration with rational connected fibers. Then the Picard group of X is generated by the classes of effective curves D, R, E 1 , . . . , E n , such
Proof. We prove the statement by induction on ρ(X). If ρ(X) = 2, then X is a Hirzebruch surface F n and the statement is obvious. Suppose that the statement is true for any such surface X with ρ(X) = n−1 > 1 and let X be such that ρ(X) = n. The fibration ϕ |D| is not relatively minimal, since otherwise ρ(X) = 2. Thus there is a (−1)-curve E which is a component of a fiber of ϕ |D| . Let π : X → Y be the blow-down map which contracts E. The surface Y satisfies the induction hypothesis since ϕ |D | , where D = π(D), is a rational fibration and ρ(Y ) = n − 1. Hence on Y there are classes of effective curves R , E 1 , . . . , E n−1 which satisfy the lemma. Let R = π * R and E i = π * E i for each 1 ≤ i ≤ n − 1. Since D · R = D · R = 1, then one of the two curves E or D − E has intersection 0 with R. Let E n be this curve. Then a standard computation shows that B, E 1 , . . . , E n have the required property.
Theorem 4.4. Let X be a smooth rational surface with κ(−K X ) = 1 and let −rK X ∼ B + aC be as in Proposition 3.3. If p a (C) = 0, then R(X) is finitely generated.
Proof. By Proposition 3.3 the curve C defines a morphism ϕ |C| : X → P 1 with rational connected fibers. So let D, R, E 1 , . . . , E n be effective curves as in Lemma 4.3. In order to prove that R(X) is finitely generated, by Theorem 4.1, it is enough to show that X contains finitely many (−1)-curves. Let E be a (−1)-curve and let
] be its class. We assume that E is not contracted by ϕ |D| , that it is not a component of B and that it is distinct from R. Thus we are just removing a finite set of possibilities for our E.
From −K X · E = 1 we get E · (B + aC) = r. Since E is not a component of B, then E · B ≥ 0, so that E · C ≤ r/a or equivalently β ≤ r/a. Observe that E can not be a component of E i , since these are contracted by ϕ |C| . Then E · E i ≥ 0, so that m i ≥ 0. For the same reason E · (C − E i ) ≥ 0, so that m i ≤ β. Thus we have proved that 0 ≤ m i ≤ β ≤ r/a, for each 1 ≤ i ≤ n. Since E is not contracted by ϕ |C| , then β > 0, so that
Thus α, β and all the m i 's are non-negative and bounded from above, which implies that there are a finite number of (−1)-curves.
Remark 4.5. If X is a surface as in the statement of Theorem 4.4, then −K X is not nef since an easy computation shows that −K X · B < 0.
Example 4.6. Let π : X → P 2 be the blow-up of P 2 at the 11 distinct points given in the configuration below. Then −2K X ∼ i B i + C, where each B i is the strict transform of a line through 4 or 5 points and C is the strict transform of a line through p not contained in the star. Observe that C 2 = 0 and p a (C) = 0, hence R(X) is finitely generated by Theorem 4.4. p Figure 1 . Here κ(−K X ) = 1, −K X is not nef and R(X) is finitely generated.
Example 4.7. Let π : X → P 2 be the blow-up of P 2 at n > 6 distinct points such that the first n − 1 lie on a smooth conic R. Then h 0 (−K X ) = 2 and −K X is not nef since it has negative intersection with the strict transform of R. Thus R(X) is finitely generated by Theorem 4.4.
Surfaces with −K X nef
In this section we consider smooth projective surfaces X such that q(X) = 0, Eff(X) is rational polyhedral and −K X is nef. Observe that, since −K X is nef, then K 2 X ≥ 0 and the integral curves with negative self-intersection are either (−1) or (−2)-curves. If X is minimal, i.e. it does not contain (−1)-curves, then either ρ(X) ≤ 2 or K ≡ 0 by Proposition 1.1. In the first case, X is either P 2 or a Hirzebruch surface F n with n = 0, 2. In the second case, X is either a K3 surface or an Enriques surface. In [1, Thm. 2.7, Thm. 2.10] it is proved that the Cox ring of these surfaces is finitely generated if and only if Eff(X) is rational polyhedral. Moreover, the Picard lattices of those X which admit a rational polyhedral effective cone are classified in a series of papers by Nikulin and Kondō (see [17, 
If X is non-minimal, then it is rational and it is either a Hirzebruch surface F 1 or one of the surfaces described in the following (for the proof see [17, 
]).
Proposition 5.1. Let X be a smooth rational surface with −K X nef and ρ(X) ≥ 3. Then Eff(X) is rational polyhedral if and only if one of the following holds: Remark 5.2. If X is a smooth rational surface as in Proposition 5.1, then Eff(X) is generated by (−1) and (−2)-curves by Proposition 1.1. In particular, if ϕ = ϕ |−K X | is an elliptic fibration, then these curves will be the sections and the components of reducible fibers of ϕ respectively. Theorem 5.3. Let X be a smooth projective surface with q(X) = 0 and −K X nef. Then R(X) is finitely generated if and only if one of the following holds:
Proof. If K X ≡ 0, then X is either a K3 or an Enriques surface and we conclude by [1, Thm. 2.7, Thm. 2.10]. If K X ≡ 0 and ρ(X) ≤ 2, then X is either P 2 or a Hirzebruch surface F 0 , F 2 . In all these cases X is in (i).
Assume now that K X ≡ 0 and ρ(X) ≥ 3. If K 2 X > 0, then κ(−K X ) = 2, so that R(X) is finitely generated by [21, Thm. 2.9] . If K [11, Question I.3.9] , since they show that there are rational surfaces such that the effective cone is rational polyhedral but the Cox ring is not finitely generated.
6. An example with κ(−K X ) = −∞ In this section we construct a surface X with ρ(X) = 2 such that Eff(X) is rational polyhedral but the Cox ring R(X) is not finitely generated. The surface X will be the blow-up of a smooth, very general quartic S ⊂ P 3 at a general point p. In particular κ(−K X ) = −∞. If π : X → S is the blow-up at p with exceptional divisor E and H = π * O S (1), we will show that:
since h 0 (m(H − 2E)) = 1 for any m ≥ 1. This implies, by [1, Corollary 2.6] , that R(X) is not finitely generated.
Remark 6.1. To explain why R(X) is not finitely generated, to any x ∈ H 0 (D) we associate its degree:
Assume that R(X) is finitely generated, so that there exists [E] If S ⊂ P 3 is a smooth quartic surface and p ∈ S we denote by π : C → S ∩ T p S the normalization at p of the hyperplane section S ∩ T p S. Observe that, for general p, S ∩ T p S has a node at p and C is a smooth genus two curve.
Lemma 6.2. There exists a smooth quartic surface S ⊂ P 3 with ρ(S) = 1 and a point p ∈ S such that C is smooth of genus two and K C − q 1 − q 2 is not a torsion point of J(C), where {q 1 , q 2 } = π −1 (p).
Proof. Let S 0 ⊂ P 3 be a smooth quartic surface with ρ(S 0 ) = 1, p ∈ S 0 and B 0 = S 0 ∩ T p S 0 . We denote by B 1 ⊂ T p S 0 a plane quartic with just one node at p such that, if π 1 : C 1 → B 1 is its normalization, then K C1 − q 11 − q 12 is not a torsion point of J(C 1 ), where {q 11 , q 12 } = π −1 1 (p). Observe that such a plane quartic B 1 exists because, if C is a genus two curve, then the morphism ϕ associated to the linear system |K C + q 1 + q 2 | is birational onto a plane quartic with just one node at ϕ(q 1 ) = ϕ(q 2 ).
Let f : B → P 1 with B ⊂ T p S 0 × P 1 be the pencil of plane quartics generated by B 0 = f −1 (0) and B 1 = f −1 (1). We denote by π : C → B the normalization of B along the section {(p, t) : t ∈ P 1 } and by J(C) → P 1 its relative jacobian. We will denote by B t and C t the fiber of f and of f • π respectively over t ∈ P 1 . Let L t := K Ct − q t1 − q t2 , where {q t1 , q t2 } = π −1 (p, t). Since L 1 is not a torsion point of J(C 1 ) and the set of torsion sections in J(C) is countable, then L t is not a torsion point of J(C t ) outside of a countable set of t ∈ P 1 . Let S := {(S, t) ∈ |O P 3 (4)|×P 1 : B t ⊂ S} be the family of quartic surfaces which contain one B t and let (S t , t) be a curve in S which maps birationally onto P 1 and which contains (S 0 , 0). Observe that B t = S t ∩ T p S 0 for each t ∈ P 1 . Since S 0 is smooth with ρ(S 0 ) = 1, then the same is true for S t outside of a countable set of values (see for example [18, Thm. 1.1]). Thus there exists t 0 ∈ P 1 such that S t0 is smooth with ρ(S t0 ) = 1 and L t0 is not a torsion point of J(C t0 ). Proposition 6.3. There exists a smooth quartic surface S ⊂ P 3 with ρ(S) = 1 and a point p ∈ S such that, if π : X → S is the blow-up at p, then Eff(X) is rational polyhedral but R(X) is not finitely generated.
Proof. Let S and p be as in Lemma 6.2. We start proving that Eff(X) is rational polyhedral. Let E be the exceptional divisor of π and H = π We will now prove that SAmple(X) Nef(X), so that R(X) is not finitely generated by [1, Cor. 2.6] . Since K X ∼ E, then by adjunction formula we have C |C ∼ K C − E |C ∼ K C − q 1 − q 2 , where π(q 1 ) = π(q 2 ) = p. By Lemma 6.2 this implies that C |C is not a torsion point of J(C) or, equivalently, that h 0 (nC |C ) = 0 for any n > 0. From the exact sequence 0 → H 0 ((n − 1)C) → H 0 (nC) → H 0 (nC |C ) = 0, and h 0 (O X ) = 1, we get that h 0 (nC) = 1 for any positive n. This implies that H − 2E is not semiample.
